Abstract. This paper proposes some material towards a theory of general toric varieties without the assumption of normality. Their combinatorial description involves a fan to which is attached a set of semigroups subjected to gluing-up conditions. In particular it contains a combinatorial construction of the blowing up of a sheaf of monomial ideals on a toric variety. In the second part it is shown that over an algebraically closed base field of zero characteristic the Semple-Nash modification of a general toric variety is isomorphic to the blowing up of the sheaf of logarithmic jacobian ideals and that in any characteristic this blowing-up is an isomorphism if and only if the toric variety is non singular.
Introduction
In the first part of this paper we study abstract toric varieties without the assumption of normality. Since Sumihiro's Theorem on the existence of a covering of a toric variety by invariant affine varieties fails without the assumption of normality, we have to set the existence of such a covering as part of the definition of a toric variety. Then an abstract toric variety has a combinatorial description: it corresponds to certain semigroups in the convex duals of the cones of a fan, which satisfy a natural gluing-up condition. This generalizes the definition of [8] which concerns toric varieties equivariantly embedded in projective space. In spirit it is also a continuation of our previous work [9] on embedded normalization and embedded toric resolution of singularities of affine toric varieties. We can then define blowing-ups of sheaves of monomial ideals as toric varieties, and describe the corresponding operations on semigroups. We also provide the combinatorial description of torus-invariant Cartier divisors on a toric variety and the general versions of the classical criteria for ampleness and very-ampleness.
In the second part we recall first the definition and basic properties of the Semple-Nash modification. This is a canonical modification of a reduced equidimensional space which replaces each point by the set of limit positions of tangent spaces at nearby non singular points. Apparently, Semple in [21] first asked if the iteration of the Semple-Nash modification eventually resolves the singularities of an algebraic variety defined over a field of characteristic zero. Spivakovsky proved that iterating the operation consisting of the Semple-Nash modification followed by normalization one eventually resolves singularities of surfaces over an algebraically closed field of characteristic zero ( [22] ).
One can present the relation of this conjectural resolution process with "classical" resolution of singularities as follows: two types of proper birational correspondances naturally associate a singular variety to a non singular one: proper birational projections of an embedded nonsingular algebraic variety to a smaller dimensional ambient space, and the taking of the envelope of a family of linear subspaces (of an affine or projective space) whose parameter space is a non singular algebraic variety. Hironaka's resolution shows that in characteristic zero all singularities may be created by the first process, and Semple-Nash resolution in general would show that at least all singularities of projective varieties in characteristic zero may be created by iterating the second process, if we allow singular spaces as parameter spaces.
In the general toric case, which we have introduced here, the Semple-Nash modification admits a description in combinatorial terms. If the base field is algebraically closed and of characteristic zero, the Semple-Nash modification of a toric variety is isomorphic to the blowingup of the sheaf of logarithmic jacobian ideals. This property was observed in the normal toric case by Gonzalez-Sprinberg, who gave a combinatorial proof of the resolution of singularities of normal toric surfaces by the iteration of blowing ups of logarithmic jacobian ideals followed by normalization ( [10] ). In the recent preprint [1] computer algebra systems have been used to check that the iteration of this modification on many examples of normal toric varieties of dimensions three and four, provides resolution of singularities.
We hope that the results of this paper contribute to the solution of Semple's problem in the toric case.
Semigroups and semigroup algebras
The theory of affine toric varieties over a field k is the geometric version of the theory of semigroup algebras over k. For part of the theory, one can omit the assumption that the semigroup is finitely generated, and replace the field k by a commutative ring. Definition 1.1. A (commutative) semigroup Γ is a set equipped with an operation + : Γ × Γ → Γ such that ǫ 1 + ǫ 2 = ǫ 2 + ǫ 1 , which satisfies the associativity property and is cancellative (ǫ 1 + ǫ 2 = ǫ 1 + ǫ 3 implies ǫ 2 = ǫ 3 ). We shall assume that Γ contains a zero element 0 such that ǫ + 0 = ǫ and that no multiple of an element of Γ is zero. A system of generators of a semigroup is a subset (γ i ) of Γ such that each element of Γ is a (finite) linear combination of the γ i with non negative integral coefficients. We denote by ZΓ the group generated by Γ (defined in a similar way as the field of fractions of an integral domain). The elements of ZΓ are finite linear combinations of the γ i with integral coefficients. If the semigroup Γ is finitely generated, the group ZΓ is a lattice.
Examples of semigroups:
• Given finitely many coprime integers the set of all combinations of these integers with non negative integral coefficients is a subsemigroup Γ of the semigroup N of integers, and N \ Γ is finite. In fact any semigroup of integers is finitely generated.
• Let (s i ) i≥1 be a sequence of integers such that s i ≥ 2 for i ≥ 2. Define a sequence of rational numbers γ i inductively by:
The set of integral linear combinations of the γ i is a subsemigroup of Q ≥0 , which is not finitely generated. In fact the γ i form a minimal set of generators.
• Let d be an integer and letσ (the reason for the dual notation will appear below) be a convex cone of dimension d inŘ d . Denote by M the integral lattice ofŘ d . Then the intersectionσ ∩ M is a subsemigroup of the group M , which generates M as a group. By a Theorem of Gordan, if the convex coneσ is rational in the sense that it is the intersection of finitely many half spaces determined by hyperplanes with integral coefficients, then the semigroupσ ∩ M is finitely generated. Definition 1.2. If ∆ is a subsemigroup of Λ the saturation of ∆ in Λ is the semigroup Θ consisting of those elements of ∆ which have a multiple in Λ. The semigroup ∆ is saturated in Λ if ∆ = Θ. Lemma 1.3. Letτ be a rational convex cone inŘ d for the lattice M . The semigroup τ ∩ M is saturated in M and the saturation of a subsemigroup Γ of M isσ ∩ M wherě σ = R ≥0 Γ is the closed convex cone generated by Γ.
Proof.: The first statement is clear. If R ≥0 Γ =σ, any element ofσ ∩ M is a combination with rational coefficients of elements of Γ. Chasing denominators shows that an integral multiple of this element is in Γ. The converse is clear. Definition 1.4. Let Γ be a finitely generated commutative semigroup and A a commutative ring. The semigroup algebra A[t Γ ] of Γ with coefficients in A is the ring consisting of finite sums γ a γ t γ with a γ ∈ A, endowed with the multiplication law
Proposition 1.5. If Γ is a finitely generated subsemigroup of the lattice M ⊂ R d such that ZΓ = M andσ = R ≥0 Γ is the rational convex cone generated by Γ, the integral closure of
This follows directly from Lemma 1.3.
Remark 1.6. Quite generally, if k is a field the Krull dimension of k[t Γ ] is equal to the rational rank of the semigroup Γ, which is the integer dim Q Γ⊗ Z Q (see [26] , Proposition 3.1).
Remark 1.7. If Γ is a semigroup the ideal of A[t Γ ] generated by the (t γ ) γ∈Γ\{0} is non trivial if and only if the cone R ≥0 Γ is strictly convex. If k is a field, it is then a maximal ideal. We shall mostly be interested in the local study of the spectrum of semigroup algebras in the vicinity of the origin of coordinates, which corresponds precisely to that ideal.
The semigroup algebra has the following universal property: any semigroup map from Γ to the multiplicative semigroup of an A-algebra B extends uniquely to an homomorphism
An additive map of semigroups φ : Γ → Γ ′ induces a graded map of A-algebras
which is injective (resp. surjective) if φ is. If the semigroup Γ is torsion-free, the semigroup algebra
and therefore is an integral domain if A is. Proposition 1.8. Let Γ, Γ ′ be two semigroups. The map of A-algebras
Proof. This follows immediately from the universal property.
Algebraic tori
Let k be a field. The multiplicative group k * of non zero elements of k is equipped with the structure of algebraic group over k, usually denoted by
] is an algebraic torus over k. If we fix a basis m 1 , . . . , m d of the lattice M we get a group isomorphism
Remark 2.1. More generally one can consider the scheme SpecA[t M ], which is an algebraic torus over SpecA for any commutative ring A.
A character of the torus T (k) is a group homomorphism T (k) → k * . The set of characters Hom alg.groups (T M , k * ) of T M (k) is a multiplicative group isomorphic to the lattice M by the homomorphism given by m → t m for m ∈ M . We identify the monomials t m of the semigroup algebra k[t M ] with the characters of the torus.
By the universal property of the semigroup algebras applied to k[t M ] we have a representation of k-rational points of T M as group homomorphisms:
where N := Hom (M, Z) is the dual lattice of M . We denote by , : N × M → Z the duality pairing between the lattices N and M . A one parameter subgroup of T M (k) is group homomorphism k * → T M (k). Any vector ν ∈ N gives rise to a one parameter subgroup λ ν which maps z ∈ k * to the closed point of T M (k) given by the homomorphism of semigroups M → k * , m → z ν,m . The set of one parameter subgroups Hom alg.groups (k * , T M ) forms a multiplicative group, which is isomorphic to N by the homomorphism given by ν → λ ν .
Affine toric varieties
In this section we consider a finitely generated subsemigroup Γ of a free abelian group M of rank d. We assume in addition that the group ZΓ generated by Γ is equal to M . We denote by N the dual lattice of M . We introduce some useful notations. Notation 3.1. We denote by M R the d-dimensional real vector space M ⊗ Z R. The semigroup Γ, viewed in M R , spans the cone R ≥0 Γ ⊂ M R which we denote also byσ. The dual cone ofσ is the cone σ := {ν ∈ N R | ν, γ ≥ 0, ∀γ ∈σ}. We use the notation τ ≤ σ to indicate that τ is a face of σ. Any face ofσ is of the formσ ∩ τ ⊥ for a unique face τ of σ, where τ ⊥ is the linear subspace {γ ∈ M R | ν, γ = 0, ∀ν ∈ τ }. Note that it is not in general generated by the binomials associated to a basis of L. Since the algebra A[t Γ ] is an integral domain if A is, the toric ideal is a prime ideal in that case.
Conversely, assuming now that A is an algebraically closed field k, an ideal generated by binomials in k[U 1 , . . . , U r ] is called a binomial ideal. Those ideals are studied in [5] , where it is shown that a prime binomial ideal I ⊂ k[U 1 , . . . , U r ] gives rise to a semigroup algebra k[U 1 , . . . , U r ]/I ≃ k[t Γ ], where Γ = N r / ∼ , and ∼ is an equivalence relation associated to the binomial relations. The affine toric variety T Γ := Spec k[t Γ ] is the subvariety of the affine space A r (k) defined by the binomial equations generating the toric ideal. By the universal property of the semigroup algebra, there is a bijection
where k is considered as semigroup with respect to multiplication.
In particular, the torus T M (k) = Hom groups (M, k * ) is embedded in T Γ , as the principal open set where t γ 1 · · · t γr = 0.
From the description of closed points of T Γ in terms of homomorphisms of semigroups we have an action of the torus T M (k) on T Γ (k). Another way to describe this action, which shows that it is algebraic, is to say that thanks to the universal property of semigroup algebras it corresponds to the composed map of k-algebras
where the first map is determined by t γ → t γ ⊗ k t γ and the second by the inclusion
Let us now seek the invariant subsets of T Γ under the torus action.
Definition 3.2. Given a semigroup Γ, a subsemigroup F ⊂ Γ is a face of Γ if whenever x, y ∈ Γ satisfy x + y ∈ F , then x and y are in F .
Let us remark that this condition is equivalent to the fact that the vector space of finite sums δ∈Γ\F a δ t δ is in fact a prime ideal I F of k[t Γ ]. It also implies that Γ \ F is a subsemigroup of Γ (which in general is not finitely generated) and that the Minkowski sum Γ + (Γ \ F ) is contained in Γ \ F . Proof. Let F be a face of the semigroup Γ. Then there is a faceσ ∩ τ ⊥ ofσ which contains F and is of minimal dimension. Then F is also a face of the semigroup Γ ∩ τ ⊥ and there is an element γ 0 ∈ F which belongs to the relative interior of the coneσ ∩ τ ⊥ . Under these conditions is enough to prove that if τ = 0 then F = Γ.
Notice that if γ ∈ Γ and if (γ + Γ) ∩ Z ≥0 γ 0 = ∅ then γ ∈ F since F is a face and γ 0 ∈ F . By Theorem 1.9 [15] there is δ 0 ∈ Γ ∩ int(σ) such that δ 0 +σ ∩ M ⊂ Γ. We deduce that the intersection (γ + δ 0 +σ ∩ M ) ∩ Z ≥0 γ 0 is non-empty, for any γ ∈ Γ, since γ 0 ∈ int(σ) ∩ Γ. 
defines a bijection (resp. inclusion-reversing bijection) between the faces of σ and the orbits (resp. the closures of the orbits) of the torus action on T Γ .
Proof. Let u : Γ → k be a semigroup homomorphism. Then u −1 (k * ) is a face of Γ, hence of the form Γ ∩ τ ⊥ for some face τ of σ. Any such u extends in a unique manner to a group homomorphism M (τ, Γ) → k * defining an element of the torus T M (τ,Γ) of the affine toric variety T Γ∩τ ⊥ . Conversely, given a group homomorphism u : M (τ, Γ) → k * we define a semigroup homomorphism i τ (u) : Γ → k as indicated above.
It follows that the orbit of the point defined by u by the action of T M coincides with the image by i τ of the orbit T M (τ,Γ) of the point u |Γ∩τ ⊥ : Γ ∩ τ ⊥ → k * on the toric variety T Γ∩τ ⊥ . The rest of the assertion follows from Remark 3.5.
The partition induced by the orbits of the torus action on T Γ is of the form:
(1) 
is a semigroup of finite type generating the lattice M .
Notice that the cone R ≥0 Γ τ is equal toτ and if τ ≤ σ the set int(σ ∩ τ ⊥ ) ∩ Γ is non empty (int denotes relative interior). Lemma 3.9.
i. The minimal face of the semigroup Γ is a sublattice of M equal to Γ ∩ σ ⊥ .
ii. For any m ∈ Γ in the relative interior of (σ ∩ τ ⊥ ) we have that
Proof. i. By Lemma 3.3 the correspondence τ → Γ ∩ τ ⊥ is a bijection between the faces of the cone σ and the faces of the semigroup Γ. By duality the minimal face of Γ is equal to Γ ∩ σ ⊥ . It is enough to prove that if Γ is a semigroup such that ZΓ = M and R ≥0 Γ = M R then Γ = M . Since M is the saturation of Γ the assertion reduces to the case of rank one semigroups, for which it is elementary by Bezout identity.
ii. If m ∈ int(σ ∩ τ ⊥ ) ∩ Γ then the semigroup Γ + Z ≥0 (−m) ⊂ M spans the coneτ = σ +τ ⊥ ⊂ M R . By i. the minimal face of this semigroup is the lattice (Γ+Z ≥0 (−m))∩τ ⊥ which coincides by definition with the lattice M (τ, Γ).
iii. The lattices M (τ, Γ θ ) and M (τ, Γ) are both generated by Γ ∩ τ ⊥ hence are equal. We have that
Proof. By Lemma 3.9 we have that Γ τ = Γ + Z ≥0 (−m). More generally if γ ∈ Γ and f = t γ , the localization
and it is embedded in T Γ as a principal open set.
Conversely, an affine T M -invariant open subset of T Γ is an affine toric variety for the torus T M hence it is of the form T Λ , for Λ ⊂ M a subsemigroup of finite type, such that ZΛ = M (see Proposition 3.7). We denote the cone R ≥0 Λ byθ. Since the embedding
corresponding to the inclusion of semigroups Γ ⊂ Λ. We deduce thatσ ⊂θ and hence that θ ⊂ σ by duality. We prove that if τ is the smallest face of σ which contains θ then Λ = Γ τ . It is enough to prove that if int(θ) ∩ int(σ) = ∅ then Λ = Γ.
Notice that the lattice F = σ ⊥ ∩ M is the minimal face of Γ and the prime ideal I F of k[t Γ ] defines the orbit orb(σ, Γ), which is embedded as a closed subset of T Γ . Let us consider a vector ν such that ν ∈ int(θ)∩ int(σ). Then we get that (1) and Proposition 3.6 the closure of any orbit contained T Γ contains orb(σ, Γ) thus T Γ ⊂ T Λ . 
Toric varieties
Recall that a fan is a finite set Σ of strictly convex polyhedral cones rational for the a lattice N , such that if σ ∈ Σ any face τ of σ belongs to Σ and if σ, σ ′ ∈ Σ the cone τ = σ ∩ σ ′ is in Σ. If j ≥ 0 is an integer the subset of Σ(j) of j-dimensional cones of Σ is called the j-skeleton of the fan. The support of the fan Σ is the set |Σ| = ∪ σ∈Σ σ ⊂ N R .
We give first a combinatorial definition of toric varieties. 
ii. The variety T Γ Σ is separated. P roof. The intersection τ = σ ∩ θ is a face of both σ and θ. By Lemma 3.9 we have that M (τ, Γ τ ) = M (τ, Γ σ ) = M (τ, Γ θ ). By axiom i. in the Definition 4.1 we get Γ θ , Γ σ ⊂ Γ τ and Γ θ + Γ σ ⊂ Γ τ . Conversely, by the separation lemma for polyhedral cones, for any u ∈ int(σ ∩ (−θ)) we have that
In geometric terms this implies that the diagonal map T Γτ → T Γ θ × T Γσ is a closed embedding for any θ, σ ∈ Σ with τ = θ ∩ τ , hence the variety T Γ Σ is separated (see Chapter 2 of [13] ). 
Σ is a one-parameter subgroup defined by v ∈ N it lifts to the normalization, i.e., there is a morphismλ v : k * → T M ⊂ T Σ in such a way that n •λ v = λ v . Since the normalization is a proper morphism we get by the valuative criterion of properness that lim z→0 λ v (z) exists in the toric variety T Γ Σ if and only if lim z→0λv (z) exists in T Σ .
Lemma 4.8. Let X Γ Σ be a toric variety. Then the map
defines a bijection between the faces of Σ and the orbits of the torus action on T Γ Σ . Proof. This is consequence of the definitions and Lemma 3.6. In order to illustrate the combinatorial definition of a toric variety we describe the orbit closures as toric varieties. 
defines a bijection between the faces of Σ and orbit closures of the action of T M on T Γ Σ . Proof. If τ is not a face of σ, for σ ∈ Σ then orb(τ, Γ τ ) is does not intersect the affine invariant open set T Γσ ; if τ ≤ σ, for σ ∈ Σ the closure of the orbit orb(τ, Γ τ ) in the affine open set T Γσ is equal to T Γσ∩τ ⊥ (see Lemma 3.6) .
If
If τ ≤ σ, σ ′ and if θ = σ ∩ σ ′ then we deduce from condition ii. in Definition 4.1 that:
We obtain that the triple (N (τ, Γ τ ), Σ(τ ), Γ(τ )) satisfies the axioms in Definition 4.1 with respect to the torus T M (τ,Γτ ) . We have also described an embedding T
Γ(τ )
Σ(τ ) ֒→ T Γ Σ in such a way that the intersection of this variety with any affine chart containing orb(τ, Γ) is the closure of the orbit orb(τ, Γ) in the chart. The conclusion follows from Lemma 4.8.
Remark 4.11. The non singular locus of the toric variety T Γ Σ is the union of the orbits orb(τ, Γ) corresponding to regular cones τ ∈ Σ such their index i(τ, Γ τ ) is equal to 1.
Blowing ups
The theory of normal toric varieties deals with normalized equivariant blowing ups, i.e., blowing ups of equivariant ideals followed by normalization. In this section we build blowing ups of equivariant ideals in toric varieties.
Let σ be a strictly convex rational cone in N R and Γ a subsemigroup of finite type of the lattice M such that ZΓ = M and the saturation of Γ in M is equal toσ ∩ M . For simplicity we assume that the cone σ is of dimension d henceσ is strictly convex.
Let us consider a graded ideal I in A[t Γ ], which is necessarily generated by monomials t m 1 , . . . , t m k . We build the corresponding Newton polyhedron N σ (I), by definition the convex hull in M R of the m i +σ, which is also the convex hull of the set |I| of exponents of monomials belonging to the ideal I of A[t Γ ]. It is quite convenient to denote with the same letter I the set {m 1 , . . . m k }.
The set I determines the order function: over Spec A, which is the blowing up of the ideal I.
Proof. We prove first that the triple (N, Σ(I), Γ(I)) verifies the compatibility conditions stated in Definition 4.1. By Lemma 3.9 it is enough to check them for the affine open sets corresponding to two vertices, say m 1 and m 2 , of N σ (I). Then, if τ = σ 1 ∩ σ 2 the condition we have to prove is that Γ 1,τ = Γ 2,τ .
Notice that the vector m := m 2 − m 1 ∈ Γ 1 belongs to the interior ofσ 1 ∩ τ ⊥ . By Lemma 3.9 and the definitions we get Γ 1,τ = Γ 1 + Z ≥0 (−m) and similarly Γ 2,τ = Γ 2 + Z ≥0 m. Then the assertion follows since Γ 1,τ , which is equal to 
Toric morphisms
Recall that a morphism φ : T M ′ → T M of algebraic tori gives rise to two group homomorphisms φ * : M → M ′ and φ * : N ′ → N between the corresponding lattices of characters and between the corresponding lattices of one-parameter subgroups. The homomorphisms φ * and φ * are mutually dual and determine the morphism φ :
Now suppose that we have two toric varieties T Γ Σ and T Γ ′ Σ ′ with respective tori T M and T M ′ defined by the combinatorial data given by the triples (N, Σ, Γ) and (N ′ , Σ ′ , Γ ′ ) (see Definition 4.1).
Definition 6.1. The homomorphism φ * is a map of fans with attached semigroups 
where the vertical arrows are normalizations and the horizontal ones are the toric morphisms which extend φ :
Proof. For any σ ′ ∈ Σ ′ there exists a cone σ ∈ Σ such that the restriction of φ * determines a semigroup homomorphism
The morphismφ σ ′ ,σ is equivariant through φ since for any y ∈ T M ′ , y : M ′ → k * group homomorphism and any x ∈ T Γ ′ σ ′ we get:
By gluing-up the affine pieces together we get a morphismφ : T Γ ′ Σ ′ → T Γ Σ which is equivariant with respect to φ.
For the converse, since f is assumed to be equivariant through φ the image by f of each orbit of the action of
Since f is continuous orb(σ, Γ σ ) must be contained in the closure of orb(τ, Γ τ ), hence τ is a face of σ by Proposition 3.6 and Lemma 3.5. By (1) it follows that f (T
, which is obtained by restriction from the homomorphism of k-algebras
and also that f =φ.
Since φ * is a map of fans it defines a toric morphism between the normalizations of T Γ ′ Σ ′ and T Γ Σ . Finally, it is easy to check that the diagram above is commutative. It is sometimes useful to consider morphisms of toric varieties which send the torus of the source into a non dense orbit of the target: Let (N, Σ, Γ) and (N ′ , Σ ′ , Γ ′ ) be two triples defining toric varieties T Γ Σ and T Γ ′ Σ ′ . Let τ be a cone of Σ. Suppose that we have a morphism of algebraic tori φ : 
Abstract toric varieties
We recall the usual definition of toric variety. Definition 7.1. A toric variety X is an irreducible (separated) algebraic variety equipped with an action of an algebraic torus T embedded in X as a Zariski open set such that the action of T on X is morphism which extends the action of T over itself by multiplication.
As stated in Proposition 3.7 any affine toric variety is the spectrum of certain semigroup algebra. Gel ′ fand, Kapranov, and Zelevinsky have defined and studied those projective toric varieties which are equivariantly embedded in the projective space, which is viewed as a toric variety, see [8] , Chapter 5.
The following Theorem, which is consequence of a more general result of Sumihiro, provides the key to establish a combinatorial description of normal toric varieties. [24] ) Any normal toric variety X has a finite covering by Tinvariant affine normal toric varieties.
Theorem 7.2. (see

The statement of Theorem 7.2 does not hold if the normality assumption is dropped.
Example 7.3. Let C ⊂ P 2 C be the projective nodal cubic with equation y 2 z −x 2 (x+z). It is a rational curve with a node singularity at P = (0 : 0 : 1) and only one point Q = (0 : 1 : 0) at the line of infinity z = 0. The curve C is rational and has a parametrization π : P 1 C → C such that π(0) = π(∞) = P and π(1) = Q. Then we have that π |C * : C * → C \ {P } is an isomorphism. The multiplicative action of C * on P 1 C corresponds by π to the group law action on the cubic hence it is algebraic. It follows that C is a toric variety with respect to Definition 7.1. Notice that C is the only open set containing P which is invariant by the action of C * . This example is also a projective toric curve which does not admit any equivariant embedding in the projective space (see [19] 
By definition X is covered by a finite number of T M -invariant affine open subsets of the form {T Γσ } σ∈Σ . We can assume that if σ ∈ Σ and if τ ≤ σ then τ ∈ Σ. We are going to show that Σ is a fan in N R , hence
We have that for any σ, σ ′ ∈ Σ the intersection T Γσ ∩ T Γ σ ′ is an affine open subset of the separated variety X (see Chapter 2 of [13] ). It is also a T M -invariant affine subset of both T Γσ and T Γ σ ′ , hence it is of the form T Γτ . By Lemma 3.10 we obtain two inclusion of semigroups Γ σ → Γ τ and Γ σ ′ → Γ τ . Since X is separated the diagonal map T Γτ → T Γσ × T Γ σ ′ is a closed embedding (see Chapter 2 of [13] ). Algebraically, this implies the surjectivity of the homomorphism
It follows that the homomorphism of semigroups
By duality we deduce that τ = σ ∩ σ ′ . By Proposition 3.10 we obtain
In conclusion, Σ is a fan in N R and if Γ := {Γ σ | σ ∈ Σ} the triple (N, Σ, Γ) verifies the compatibility properties of Definition 4.1 and the variety X Γ Σ is T M -equivariantly isomorphic to X.
The following corollary is consequence of Proposition 6.2 and Theorem 7.5. 
Invertible sheaves on toric varieties
In this section we describe how some of the classical results in the study of invariant invertible sheaves on a normal toric variety extend to the general case.
Let T Γ Σ denote a toric variety defined by the triple (N, Σ, Γ). Recall that if σ ∈ Σ we denote by T σ = Tσ ∩M the normalization of the chart T Γσ and by T Σ the normalization of T Γ Σ .
A support function h : |Σ| → R is a continuous function such that for each σ ∈ Σ the restriction h |σ : σ → R is linear. We say that h is integral with respect to N if h(|Σ| ∩ N ) ⊂ Z. We denote by SF(N, Σ) the set of support functions integral with respect to N . If h is a support function integral with respect to N then for any σ ∈ Σ there exists m σ ∈ M such that
Notice that by continuity we have that
The set {m σ | σ ∈ Σ} determines h but may not be uniquely determined. Any h ∈ SF(N, Σ) determines
where div(g) denotes the principal Cartier divisor of the rational function g on an irreducible variety. Notice that D h is independent of the possible choices of different (5) guarantees that t −mσ+m σ ′ and t mσ−m σ ′ are both regular functions on T τ . Any T M -invariant Cartier divisor on T Σ is of the form D h for h ∈ SF(N, Σ), i.e., it is defined by Cartier data. Proof. The condition to determine a Cartier divisor is that for any σ, σ ′ ∈ Σ, τ = σ∩σ ′ the transition function t −mσ+m σ ′ is an invertible regular function on T Γτ = T Γσ ∩ T Γ σ ′ . By Lemma 3.9 this is equivalent to (6) .
We have shown that the group CDiv
. is a group isomorphism. The inverse map sends a Cartier divisor D on T Γ Σ , given by the Cartier data {m σ | σ ∈ Σ}, to the function
) consists of those rational functions f which verify that f g U is a regular function on U .
We denote by O T Γ Σ the structure sheaf on the toric variety
. By (7) the set of sections of this sheaf on T Γσ is
We denote by P Γ Σ the following subset of M :
The set of global sections of the sheaf O T Γ Σ is equal to 
The following are equivalent for h ∈ SF (N, Σ, Γ) .
Proposition 8.5. Suppose that |Σ| = N R . Then we have canonical isomorphisms
from which we deduce a canonical injection Pic(T Γ Σ ) → Pic(T Σ ). Proof. This follows by using the same arguments as in Corollary 2.5 [20] . If ρ belongs to the 1-skeleton Σ(1) of the fan Σ we denote by ν ρ the primitive integral vector for the lattice N in the ray ρ, that is the generator of the semigroup ρ ∩ N . We associate to h ∈ SF(N, Σ) the polyhedron
Recall that (12) P lh = lP h and P h + P h = P h+h ′ for any integer l ≥ 1 and h, h ′ ∈ SF(N, Σ).
iii. The polytope P h has vertices {m σ | σ ∈ Σ}. If these conditions hold the convex hull of the set P Γ D is the polytope P h and h is the support function of the polytope P h .
Proof. The proof follows as in the normal case (see Theorem 2.7 [20] ). If |Σ| = N R the support function h ∈ SF(N, Σ, Γ), defined by the Cartier data {m σ | σ ∈ Σ}, is strictly upper convex if it is upper convex and in addition h(ν) = ν, m σ if and only if ν ∈ σ , for σ ∈ Σ.
Suppose that h ∈ SF(N, Σ, Γ) verifies the equivalent conditions of Proposition 8. 6 . Proof. If D is ample then lD is very ample for l ≫ 0. Since lD = D lh it follows that h is strictly upper convex if lh is and the assertion holds by Proposition 8.7.
Conversely suppose that h is strictly upper convex. We prove that lD h is very ample for l ≫ 0. By Proposition 8.7 it is sufficient to prove that there exists an integer l ≫ 0 such that for each d-dimensional cone σ ∈ Σ the semigroup Γ σ is generated by
for any u ∈ Γ σ in the relative interior of the cone τ ⊥ ∩σ (see Lemma 3.9) . For instance we take u = m σ ′ − m σ . We obtain similarly that Γ τ = Γ σ ′ + Z ≥0 (u). If γ ∈ Γ σ then γ belongs to Γ τ and there exists γ ′ ∈ Γ σ ′ and an integer p ≥ 0 such that γ = γ ′ + pu. If l ≥ p we obtain: (14) lm
If l is big enough, a formula of the form (14) holds for any γ in a finite set G σ of generators of Γ σ (where p and γ ′ vary with γ) and for any cone σ ′ ∈ Σ(d). Since γ ′ and m σ − m σ ′ belong to Γ σ ′ this implies t lmσ+γ defines a section in
) (see (8) ) for any cone σ ′ ∈ Σ(d). We deduce that for any γ ∈ G σ the vector lm σ + γ belongs to the set P Γ (13) is an equivariant embedding of T Γ Σ in the projective space P
Part II: The Semple-Nash modification in the toric case In this part we recall first the definition and basic properties of the Semple-Nash modification. Then it is shown that the the Semple-Nash modification of a toric variety, defined over an algebraically closed base field of characteristic zero, is isomorphic to the blowing up of the sheaf of logarithmic jacobian ideals. This last blowing-up is defined for toric varieties in any characteristic and is an isomorphism if and only if the toric variety is non singular.
The Semple-Nash modification: preliminaries
In [21] , Semple introduced the Semple-Nash modification of an algebraic variety and asked whether a finite number of iterations would resolve the singularities of the variety. The same question was apparently rediscovered by Chevalley and Nash in the 1960's, and studied notably by Nobile (see [18] ), Gonzalez-Sprinberg (see [12] and [10] ), Hironaka (see [14] ), and Spivakovsky (see [22] ). The best consequence so far of all this work is the Theorem, due to Spivakovsky, stating that by iterating the operation consisting of the Semple-Nash modification followed by normalization one eventually resolves singularities of surfaces over an algebraically closed field of characteristic zero.
Let X be a reduced algebraic variety or analytic space, which we may assume of pure dimension d for simplicity. Whenever we speak of the Semple-Nash modification, we assume that we are working over an algebraically closed field k of characteristic zero. Consider the Grassmanian g : Grass d Ω 1 X → X; it is a proper algebraic map, which has the property that its fiber over a point of x is the Grassmanian of d-dimensional subspaces of the Zariski tangent space E X,x . The map g is characterized by the fact that g * Ω 1
X has a locally free quotient of rank d and g factorizes in a unique manner every map to X with this property. Let X o denote the non singular part of X, which is ddimensional and dense in X by our assumptions. Since the restriction Ω 1 X |X o is locally free the map g has an algebraic section over X o and the Semple-Nash modification is defined as the closure N X of the image of this section, endowed with the natural projection n X : N X → X induced by g. The map n X is proper and is an isomorphism over X o ; it is a modification. Like the Grassmanian of Ω 1 X , it is defined up to a unique X-isomorphism.
A local description can be given for a chart X|U of X embedded in affine space A N (k) by taking the closure in (X|U ) × G(N, d) of the graph of the Gauss map γ : (X|U ) o → G(N, d) sending each non singular point to the class of its tangent space in the Grassmanian of d-dimensional vector subspaces in A N (k). For any point x ∈ X the fiber n −1 X (x) is the subset of G(N, d) consisting of limit positions at x ∈ X of tangent spaces to X along sequences of non singular points tending to x. In this guise, the Semple-Nash modification appears in a complex-analytic framework in the paper [30] of Hassler Whitney in connection with equisingularity problems. Proposition 9.1. (Nobile), see [18] and [25] . Let X be a reduced equidimensional space; if the map n X : N X → X is an isomorphism, the space X is non singular.
For the convenience of the reader, we sketch the proof found in [25] : If the map n X is an isomorphism, the sheaf Ω 1 X has a locally free quotient of rank d. The problem is local, so it is enough to prove that the existence of a surjective map φ :
Passing to the completion and tensoring Ω 1 X,x byÔ X,x we may assume that O X,x is complete. We consider the linear map e : O d X,x → O X,x sending the first basis vector to 1 and the others to 0. The composition of e with the map φ gives a surjective map, so that there has to be an element h ∈ O X,x such that the image of dh in O X,x by e • φ is equal to 1, and then the k-derivation D : O X,x → O X,x corresponding to e • φ is such that Dh = 1. In characteristic zero one can formally integrate this non vanishing vector field using the formal expansion of exp(−hD) to get an isomorphism
where O 1 ≃ O X,x /(h). By construction O 1 satisfies the same assumptions as O X,x in one less dimension. By induction we are reduced to dimension zero, but a reduced zero dimensional complete equicharacteristic local ring is k in our case. We refer to [25] for details, and to [18] for the original proof.
Remark 9.2. Note that the Semple-Nash modification is defined in any characteristic but its being an isomorphism does not imply regularity in positive characteristic; it is the case for y p − x q = 0 with (p, q) = 1 in characteristic p. See [18] .
The Semple-Nash modification in the toric case
The following is an extension to the case of not necessarily normal toric varieties of a result of Gonzalez-Sprinberg ([10] ; a summary of this work appeared in [11]) which was revisited by Lejeune-Jalabert and Reguera in the appendix to [17] . Let X be an affine toric variety over an algebraically closed field k. Using the notations of Section 3 we write its ring
where P is a prime binomial ideal (U m ℓ − U n ℓ ) ℓ∈L of the polynomial ring k[U 1 , . . . , U r ]. Let d be the dimension of X and denote by L ⊂ Z r the lattice generated by the differences (m ℓ − n ℓ ) ℓ∈L ; by [E-S], it is a direct factor of Z r since X is irreducible and k is algebraically closed. Setting c = r − d, we may identify L with {1, . . . , L} with L = |L| in such a way that the lattice generated by (m 1 − n 1 , . . . , m c − n c ) has rank c. The quotient Z r /L is isomorphic to Z d and we have an exact sequence
Our affine toric variety X is Speck[t Γ ], where Γ is the semigroup generated in Z d by the images γ 1 , . . . , γ r of the basis vectors of Z r .
Proposition 10.1. (Generalizing [10] [11] and [17] ) Keeping the notations just introduced, let X be an affine toric variety over an algebraically closed field of characteristic zero. The Semple-Nash modification of X is isomorphic to the blowing-up of the ideal of R generated by the images of the products
Proof. A straightforward computation using logarithmic differentials shows that the jacobian determinant J K,L ′ of rank c = r − d of the generators (U m ℓ − U n ℓ ) ℓ∈{1,...,L} of our prime binomial ideal P ⊂ k[U 1 , . . . , U r ], associated to a sequence K = (k 1 , . . . , k c ) of distinct elements of {1, . . . , r} and a subset L ′ ⊆ {1, . . . , L} of cardinality c, satisfies the congruence
where m − n is the matrix of the vectors (m ℓ − n ℓ ) ℓ∈{1,...,L} , and Det K,L ′ indicates the minor in question. By Lemma 6.3 of [26] , the rank of the image in k r×L of the matrix m − n is equal to c. By ( [18] , proof of Th.1) the Nash modification of X is isomorphic to the blowing up in X of the ideal generated as K = (k 1 , . . . , k c ) runs through the sets of c distinct elements of (1, . . . , r) by the elements J K,L 0 satisfying the congruences
where L 0 = (1, . . . , c) is, after renumbering of {1, . . . , L}, a subset such that these jacobian determinants are not all zero; such subsets exist since the J K,L ′ are not all zero. Remark the necessity that J K,L 0 = 0 whenever the determinant on the right side is zero. Remark also that by [3] , we may not suppose that the first c binomials define a complete intersection. Now for each K let us multiply both sides by U i 1 . . . U i d , where I = (i 1 , . . . , i d ) = {1, . . . , r} \ K. We obtain for each K the equality:
Taking exterior powers for the map ψ in the sequence (15) Λ L in such a way that the coordinate which corresponds to the determinant of the vectors γ i 1 , . . . , γ i d in Z d is a rational multiple of the determinant Det K,L 0 ( m − n ) , which is non zero since our base field is of characteristic zero.
Equation 16 now shows that the ideal of R generated by the J K,L 0 differs from the ideal generated by the images of the products U i 1 . . . U i d such that Det(γ i 1 , . . . , γ i d ) = 0 only by the product by invertible ideals, so that these two ideals determine isomorphic blowing ups, which proves the Proposition. Lemma 11.5. There is a continuous piecewise linear function ord J : |Σ| → R such that for each τ ∈ Σ the function ord Jτ is the restriction of ord J to τ .
